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Abstract
By an SCDTS(v), we mean a self-converse directed triple system of order v. The existence
problem for an SCDTS(v) was posed by Colbourn and Rosa and solved completely by Kang
et al. In this paper, we give a short new proof for this problem. Furthermore, we provide a
complete solution to the existence problem for a self-converse maximum directed triple packing
and a self-converse minimum directed triple covering of order v.
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1. Introduction
An arbitrary 3-element set is called a triple. A Steiner triple system of order v,
STS(v), is de.ned to be a pair (X;A), where X is a v-set of points, and A is a
collection of triples (called blocks) of X such that every pair of distinct points occurs
in exactly one block of A. The order of (X;A) is the cardinality v of X . It was
proved by Rev. Kirkman [6] that
Theorem 1.1. A Steiner triple system of order v exists if and only if v≡ 1 or
3 (mod 6).
In 1973, Hung and Mendelsohn [4] introduced a generalization of Steiner triple
systems in which blocks are transitive triples. Here, a transitive triple (a; b; c) is a
transitively ordered triple which contains the ordered pairs (a; b); (b; c) and (a; c). A
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directed triple system of order v, DTS(v), is de.ned to be a pair (X;A), where X is a
v-set of points, and A is a collection of transitive triples (called blocks) of X with the
property that every ordered pair of distinct points occurs in exactly one block of A.
Directed triple systems have been studied extensively, often under the name “transi-
tive triple systems” (see [2]). The necessary condition for a DTS(v) to exist is simply
that the number of ordered pairs v(v−1) to occur in blocks must be divisible by three,
and hence v must be congruent to 0 or 1 modulo three. It has been proved by Hung
and Mendelsohn [4] that the above necessary condition is also suHcient.
Every transitive triple B=(a; b; c) has a converse B−1 = (c; b; a): So, given a DTS(v)
(X;A), one can de.ne
A−1 = {B−1: B∈A}:
Obviously, (X;A−1) is also a DTS(v), which is called the converse of (X;A). We
say that (X;A) and (X;A−1) are isomorphic, if there exists a permutation f on X
such that A−1 = {(f(B): B∈A}, where f(B)= (f(a); f(b); f(c)) if B=(a; b; c). The
permutation f is also known as an isomorphism from (X;A) to (X;A−1). If such an
isomorphism f exists, then the DTS(v) (X;A) is called self-converse and denoted by
SCDTS(v) or (X;A; f). Colbourn and Rosa [2] asked: For what orders do self-converse
DTSs exist?
By de.nition, to prove a DTS(v) (X;A) is an SCDTS(v) it suHces to .nd a permu-
tation f on X so that f(B)−1∈A for any block B∈A. This reveals that one can start
with an STS(v) and then replace each triple {a; b; c} by two transitive triples (a; b; c)
and (c; b; a) to obtain an SCDTS(v), in which the isomorphism f is an identical per-
mutation. As an immediate consequence of Theorem 1.1, we have the following result.
Theorem 1.2. An SCDTS(v) exists if v≡ 1 or 3 (mod 6).
Kang et al. [5] made a thorough investigation into self-converse DTSs and gave a
complete solution to Colbourn–Rosa problem. We state their result in the following
theorem.
Theorem 1.3. An SCDTS(v) exists if and only if v≡ 0 or 1 (mod 3) and v =6.
As is stated in Theorem 1.3, it is impossible to construct an SCDTS(v) when v ≡ 0
or 1 (mod 3). A quite natural extension of a DTS(v) is a directed triple packing (cov-
ering). To be more precise, a directed triple packing (covering) of order v, or a
DTP(v) (DTC(v)), is a pair (X;A) where X is a v-set (of points) and A is a collec-
tion of transitive triples (called blocks) of X such that every ordered pair of distinct
points from X occurs in at most (at least) one block of A. The upper bound on the
number of blocks in a DTP(v) is given by
U (v) =
⌊
v(v− 1)
3
⌋
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and the lower bound for the number of blocks in a DTC(v) is given by
L(v) =
⌈
v(v− 1)
3
⌉
+ ;
where =1 if v≡ 2 (mod 3), and =0, otherwise.
In view of the above fact, a DTP(v) (DTC(v)) with U (v) (L(v)) blocks is said to
be maximum (minimum). Just as with a DTS(v), the “self-converse” requirement can
be easily carried over to both a maximum DTP(v) and a minimum DTC(v). More
speci.cally, a maximum DTP(v) (minimum DTC(v)) (X;A) is called self-converse,
denoted by SCDTP(v) (SCDTC(v)) or (X;A; f), if there exists an isomorphism f
from (X;A) to its converse (X;A−1).
It should be emphasized that when an SCDTS(v) exists, it is both an SCDTP(v) and
an SCDTC(v). The goal of this paper is to give a short new proof of Theorem 1.3
obtained by Kang et al. [5]. Furthermore, the following existence result is also proved.
Theorem 1.4. For any positive integer v≡ 2 (mod 3) and v¿5, both an SCDTP(v)
and an SCDTC(v) exist.
Our proof depends on a construction utilizing group divisible designs and self-
converse directed triple systems with one hole, which we describe in the next section.
Once we have developed this construction, the proof of Theorems 1.3 and 1.4 is very
brief. These are done in Sections 3 and 4.
2. The main construction
In order to establish our construction, we require the notion of a group divisible
design (GDD), which we de.ne below.
A GDD with block size 3 and index unity, denoted by 3-GDD, is a triple (X;G;A)
which satis.es the following properties:
1. G is a partition of a set X (of points) into subsets called groups,
2. A is a collection of triples of X, such that a group and a block contain at most
one common point,
3. every pair of points from distinct groups occurs in exactly one block.
The group-type (type) of the GDD is the multiset {|G|: G∈G}. We often use an
“exponential” notation to describe the type: a type 1i2j3k : : : denotes i occurrences of
1; j occurrences of 2, etc.
For the existence of 3-GDDs, we record the following two known results.
Theorem 2.1 (Hanani [3]). The necessary and su5cient conditions for the existence
of a 3-GDD of type gu are
(1) u¿3;
(2) (u− 1)g≡ 0 (mod 2); and
(3) u(u− 1)g2≡ 0 (mod 6).
454 J. Yin /Discrete Mathematics 261 (2003) 451–458
Theorem 2.2 (Colbourn et al. [1]). Let g; w and u¿3 be positive integers. The neces-
sary and su5cient conditions for the existence of a (3; 1)-GDD of type
guw1 are
(1) w6g(u− 1);
(2) (u− 1)g+ w≡ 0 (mod 2);
(3) gu≡ 0 (mod 2); and
(4) 12 g
2u(u− 1) + guw≡ 0 (mod 3).
We also need self-converse directed triple systems with one hole. In what follows,
the notation IDTS(v;w) stands for a triple (X; Y;A) where X is a v-set (of points),
Y ⊂X and A is a collection of transitive triples (called blocks) of X such that every
ordered pair of distinct points occurs in exactly one block or in Y ×Y , but not both.
Hence Y is the hole. An IDTS(v;w) (X; Y;A) is called self-converse, denoted by
ISCDTS(v;w) or (X; Y;A; f), if there exists an isomorphism f from (X; Y;A) to
its converse (X; Y;A−1), where f(Y )=Y . We admit w=0 and the empty set Y is
considered to be a hole of all self-converse directed triple systems.
Now we are in a position to present our main construction.
Construction 2.3. Let V be a v-set of points and W a w-set of points with V ∩W = ∅.
Let  be an arbitrary permutation on W and fj a permutation on Gj whose order
p(fj)62, for 16j6t. Suppose that the following designs exist:
1. a 3-GDD (V;G;B) with G= {Gj: j=1; 2; : : : ; t},
2. an ISCDTS (|Gj|+ w;w) (Gj ∪W;W;Bj; ◦fj) for 16j6t − 1.
Then there exists an ISCDTS(v+w; |Gt |+w) with isomorphism f= ◦ft◦ · · · ◦f2◦f1.
Furthermore, if there is an SCDTS(|Gt |+ w) (Gt ∪W;At ; ◦ft), then there exists an
SCDTS(v+ w) with isomorphism f.
Proof. From the given 3-GDD (V;G;B), we make the permutation =ft◦ft−1◦ · · · ◦f1
on V to obtain another 3-GDD (V;G; (B)). We then transform every triple of B
into a transitive triple in such a way that its points are arranged in an increasing
order of the labels of the groups containing them. Arrange every triple of (B)
into a transitive triple so that its points are in a decreasing order of the labels of
the groups containing them. This creates a collection of transitive triples on V , de-
noted by B0, which cover every ordered pair of points from distinct groups ex-
actly once. And we have (B)−1∈B0 for any block B∈B0, since p()62. By as-
sumption we now replace each of the .rst t − 1 groups together with W by an
ISCDTS(|Gj|+w;w) (Gj ∪W;W;Bj; ◦fj) (16j6t−1). Let X =V ∪W , Y =Gt ∪W ,
f=  ◦ = ◦ft◦ft−1◦ · · · ◦f1, and A=
⋃
06j6t−1 Bj. Then (X; Y;A; f) is the de-
sired ISCDTS(v + w; |Gt | + w). In the above procedure, if we replace the last group
Gt together with W by an SCDTS(|Gt |+ w) with the isomorphism ◦ft , the result is
an SCDTS(v+ w) with the isomorphism f.
We wish to remark that in Construction 2.3 if p()62, then so does p(f).
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3. A new proof of Theorem 1.3
In this section we present two lemmas. Combining these with Theorem 1.2, we are
able to establish the proof of Theorem 1.3, except for two small values of v.
Lemma 3.1. There exists an ISCDTS(4; 1) whose isomorphism f has order p(f)62.
Proof. First we note that an ISCDTS(v; 1) is an SCDTS(v) in which there exists at
least one .xed point under its isomorphism. The required design is constructed as
follows:
points: {∞}∪Z3,
isomorphism: f=(∞)(0)(12),
blocks: (0; 1;∞) (2;∞; 1) (∞; 2; 0) (1; 0; 2):
Lemma 3.2. There exists an ISCDTS(12; 1) whose isomorphism f has order p(f)62.
Proof. Take the point set to be Z12. Take the isomorphism to be
f = (0)(4)(8)(1)(5)(9)(3; 6)(7; 10)(2; 11):
Then the following 44 transitive triples on Z12 form the desired ISCDTS(12; 1).
(0; 4; 8) (8; 4; 0) (1; 5; 9) (9; 5; 1)
(2; 6; 10) (7; 3; 11) (10; 6; 2) (11; 3; 7)
(0; 3; 9) (9; 6; 0) (3; 0; 6) (6; 9; 3)
(4; 7; 1) (1; 10; 4) (7; 4; 10) (10; 1; 7)
(8; 11; 5) (5; 2; 8) (11; 8; 2) (2; 5; 11)
(0; 1; 2) (11; 1; 0) (9; 4; 11) (2; 4; 9)
(9; 10; 8) (8; 7; 9) (0; 7; 5) (5; 10; 0)
(6; 4; 5) (5; 4; 3) (3; 1; 8) (8; 1; 6)
(6; 7; 8) (8; 10; 3) (3; 4; 2) (11; 4; 6)
(0; 10; 11) (2; 7; 0) (3; 10; 5) (5; 7; 6)
(6; 1; 11) (2; 1; 3) (9; 7; 2) (11; 10; 9).
Now we are in a position to prove Theorem 1.3 which is restated below.
Theorem 3.3. An SCDTS(v) exists if and only if v≡ 0 or 1 (mod 3) and v =6.
Proof. The necessity is obvious. To prove suHciency, we start with a 3-GDD of
type 32n+1 which exists for any positive integer n from Theorem 2.1. We then apply
Construction 2.3 with an ISCDTS(4; 1) given in Lemma 3.1 to obtain an SCDTS(6n+
4). Therefore, the conclusion holds for v≡ 4 (mod 6). For v≡ 1 or 3 (mod 6), the
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conclusion comes from Theorem 1.2. Now for v≡ 0 (mod 6), we start with a 3-GDD
of type 32m111 which exists for any integer m¿3 from Theorem 2.2. We then apply
Construction 2.3 with an ISCDTS(12; 1) given in Lemma 3.2 to obtain an SCDTS(6m+
12) for any integer (6m + 12)¿30. An SCDTS(24) is also obtainable by applying
Construction 2.3 with w=0, making use of a 3-GDD of type 46 and an SCDTS(4)
provided in Lemma 3.1. As noted above, an ISCDTS (v; 1) is also an SCDTS(v). So
we have also an SCDTS(12) by Lemma 3.2. The remaining cases v=6 and 18 are
handled by Kang et al. [5], and we omit the details here.
4. The existence of SCDTPs and SCDTCs
As already mentioned in Section 1, when v≡ 0 or 1 (mod 3) both an SCDTP(v) and
an SCDTC(v) are a self-converse directed triple system of order v, i.e. an SCDTS(v).
When v≡ 2 (mod 3), self-converse directed maximum packings and minimum cover-
ings are closely connected with self-converse directed triple systems with one hole. In
particular, we have the following two results.
Lemma 4.1. Let v≡ 2 (mod 3) and v¿5. Then an SCDTP(v) is equivalent to an
ISCDTS(v; 2).
Proof. It is readily calculated that an ISCDTS(v; 2) contains exactly
v(v− 1)− 2
3
=
⌊
v(v− 1)
3
⌋
blocks when v≡ 2 (mod 3). So, an ISCDTS(v; 2) is an SCDTP(v). Conversely, in an
SCDTP(v) with v≡ 2 (mod 3) there are exactly
v(v− 1)− 3
⌊
v(v− 1)
3
⌋
= 2
ordered pairs which do not occur in any block. Thus, the blocks plus these two pairs
cover each of v(v − 1) ordered pairs exactly once. For any particular point, there are
2(v − 1) ordered pairs containing it. It turns out that the two ordered pairs which do
not occur in blocks must share two common points, and hence an SCDTP(v) must be
an ISCDTS(v; 2).
Lemma 4.2. Let v≡ 2 (mod 3) and v¿5. Then an SCDTC(v) exists provided that
there is an ISCDTS(v; 2) whose isomorphism f has order p(f)62 and 9xes the
points of the hole.
Proof. Let (V; {x; y};A; f) be an ISCDTS(v; 2). By assumption, we have f(x) = x
and f(y) = y. Furthermore, the ordered pairs (x; y) and (y; x) are not allowed to occur
in any block of A. Therefore, we can adjoin two more blocks (x; b; y) and (y; f(b); x)
to A without violating the “self-converse” property, since p(f)62. Here, b is an
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arbitrary point in V\{x; y}. Write B for these
v(v− 1)− 2
3
+ 2 =
⌈
v(v− 1)
3
⌉
+ 1
blocks. (V;B; f) is then an SCDTC(v).
Because of Lemmas 4.1 and 4.2, it becomes necessary for us to build families of
ISCDTS(v; 2)s for all integers v≡ 2 (mod 3) and v¿5. This can be done by applying
Construction 2.3. To begin with, we provide the following two direct constructions.
Lemma 4.3. There exists an ISCDTS(5; 2) whose isomorphism f has order p(f)62
and 9xes the points of the hole.
Proof. The construction is as follows:
points: {x; y}∪Z3,
hole: {x; y},
isomorphism: f=(x)(y)(0)(1; 2),
blocks: (1; x; 0) (0; x; 2) (0; y; 1) (2; y; 0) (2; x; 1) (1; y; 2).
Lemma 4.4. There exists an ISCDTS(8; 2) whose isomorphism f has order p(f)62
and .xes the points of the hole.
Proof. The construction is as follows:
points: {x; y}∪Z6,
hole: {x; y},
isomorphism: f=(x)(y)(0; 3)(1; 4)(2; 5),
blocks: (0; 5; 4) (1; 2; 3) (0; y; 2) (5; y; 3) (3; x; 0) (0; x; 3) (+2;mod 6).
Now we are able to establish the following existence result.
Lemma 4.5. For all integers v≡ 2 (mod 3) and v¿5, there exists an ISCDTS(v; 2)
whose isomorphism f has order p(f)62 and 9xes the points of the hole.
Proof. The result for v=5 and 8 follows from Lemmas 4.3 and 4.4. For v≡ 5 (mod 6)
and v¿11, we write v=6n+ 5. It was shown in Theorem 2.1 that a 3-GDD of type
32n+1 exists for any positive integer n. So, we can apply Construction 2.3 with w=2,
making use of an ISCDTS(5; 2) given in Lemma 4.3, to obtain an ISCDTS(6n +
5; 2) whose isomorphism f has order p(f)62. Now for v≡ 2 (mod 6) and v¿14, we
utilize a 3-GDD of type 32n11, which exists for n¿2 from Theorem 2.2. Again apply
Construction 2.3 with w=1 to produce an ISCDTS(6n + 2; 2) whose isomorphism f
has order p(f)62. The ingredient used here is an ISCDTS(4; 1) whose isomorphism
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f has order p(f)62, which is obtained in Lemma 3.1. Therefore, the conclusion
holds.
Combining the results of Lemmas 4.1, 4.2 and 4.5, we have proved Theorem 1.4.
Theorems 1.3 and 1.4 can be summarized into the following.
Theorem 4.6. For all integers v¿3, except for v=6, both an SCDTP(v) and an
SCDTC(v) exist.
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